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Abstract 

Let A and T be artin algebras and iJJt a faithfully balanced selforthogonal bimod- 
ule. In this paper, we first introduce the notion of fc-Gorenstein modules with respect 
to fJJr and then characterize it in terms of the {/-resolution dimension of some spe- 
cial injective modules and the property of the functors Ext l (Ext J (— , U), U) preserving 
monomorphisms, which develops a classical result of Auslander. As an application, we 
study the properties of dual modules relative to Gorenstein bimodulcs. In addition, we 
give some properties of a^t with finite left or right injective dimension. 

1. Introduction 

Let A be a ring. We use mod A (resp. mod A op ) to denote the category of finitely 
generated left A- modules (resp. right A- modules). 

Let A and Y be rings. A bimodule a^t is said to be faithfully balanced if the natural 
maps A — » End(Tr) and V — > End(A2~') op are isomorphisms; and it is said to be selforthogonal 
if Ext A ( A T, A T) = and Extf (T r , T r ) = for any i > 1. 

Let U and A be in mod A (resp. mod r op ) and i a non-negetive integer. We say that the 
grade of A with respect to U, written gradejy^, is greater than or equal to i if Ext A (A, U) = 
(resp. Extp(^4, U) = 0) for any < j < i. We say that the strong grade of A with respect 
to U, written s.gradej/A, is greater than or equal to % if grades -B > i for all submodules B 
of A (see [11]). We give the definition of (k-) Gorenstein modules in terms of strong grade of 
modules as follows. 

Definition 1.1 For a non-negative integer k, a module U £ mod A with T = End(A^) 
is called /c-Gorenstein if s. grades Extp (AT, U) > i for any N Gmod T op and 1 < i < k. U is 
called Gorenstein if it is fc-Gorenstein for all k > 1. Similarly, we may define the notions 
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of /c-Gorenstein modules and Gorenstein modules in mod r op . A bimodule \Ur is called a 
(&;-) Gorenstein bimodule if both fJJ and Ur are (k-) Gorenstein. 

Definition 1.2I 18 ] Let U be in mod A (resp. mod T op ) and k a non-negetive integer. A 
module M in mod A (resp. mod r op ) is said to have [/-dominant dimension greater than 
or equal to k, written U-dom.dim(\M) (resp. ?7-dom.dim(Mr)) > k, if each of the first k 
terms in a minimal injective resolution of M is cogenerated by pJJ (resp. Ur), that is, each 
of these terms can be embedded into a direct product of copies of \U (resp. Ur)- 

It is clear that any module in mod A (resp. mod r op ) is O-Gorenstein. Let A and T 
be artin algebras and &Ur a faithfully balanced selforthogonal bimodule with \U Gmod 
A and Ur €mod T op . If {7-dom.dim(Af7) > k, then each of the first k terms in a minimal 
injective resolution of \U is finitely cogenerated, and so each of these terms can be embedded 
into a finite direct product of copies of pJJ . It follows from Lemma 2.6 below that \U is 
fc-Gorenstein. It was showed in [13] that V -dom.dim(A£7) = ?7-dom.dim(£7r). So, at this 
moment, Ur is also fc-Gorenstein. Recall from [20] that a module M in mod A (resp. mod 
r op ) is called a QF-3 module if G(M) has a cogenerator which is a direct summand of every 
other cogenerator, where G(M) is the subcategory of mod A (resp. mod r op ) consisting of 
all submodules of the modules generated by M. It was showed in [20] Proposition 2.2 that 
a finitely cogenerated A-module (resp. r op -module) M is a QF-3 module if and only if M 
cogenerates its injective envelope. So we have that a^ (resp. Ur) is 1-Gorenstein if it is a 
QF-3 module. 

A left and right noetherian ring A is called /c-Gorenstein if for any 1 < i < k the ith term 
in a minimal injective resolution of \A has flat dimension at most i — 1. This notion was 
introduced by Auslander and Reiten in [5] as a non-commutative version of commutative 
Gorenstein rings. By Definition 1.1 and [7] Auslander's Theorem 3.7, A is a /c-Gorenstein 
ring if it is /c-Gorenstein as a A-module. Auslander further proved that the notion of k- 
Gorenstein rings is left-right symmetric (see [7] Auslander's Theorem 3.7). Wakamatsu in 
[19] Theorem 7.5 generalized this result and established the left-right symmetry of the notion 
/c-Gorenstein modules. 

In this paper, we will give some further characterizations of /c-Gorenstein modules in 
terms of the [/-resolution dimension of some special injective modules and the property 
of the functors Ext* (Ext 1 (— , U), U) preserving monomorphisms, which develops the result 
of Auslander mentioned above. Our characterizations will lead to a better comprehension 
about the theory of selforthogonal bimodules and cotilting theory (note: the class of cotilting 
bimodules is such a kind of faithfully balanced selforthogonal bimodules with finite left and 
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right injective dimensions! 9 ]). 

Throughout this paper, both A and T are artin algebras (unless stated otherwise), \Ur 
is a faithfully balanced selforthogonal bimodule with \U Gmod A and Ur Gmod r op . 

The following is an outline of this paper. In Section 2 we list some lemmas which will 
be used later. In Section 3 we characterize /c-Gorenstein modules with respect to a^t in 
terms of the {/-resolution dimension (see Section 2 for the definition) of some special injective 
modules and the property of the functors Ext* (Ext 1 (— , U), U) preserving monomorphisms. 
In fact, we will prove the following theorem, which extends [7] Auslander's Theorem 3.7. 

Theorem The following statements are equivalent. 

(1) aU is k-Gorenstein. 

(2) [/-resol.dimA(-E'i) < i, where Ei is the (i + l)st term in a minimal injective ofU as a 
left A- module, for any < i < k — 1. 

(3) Extp(Ext A (— , U), U): mod A — > mod A preserves monomorphisms for any < i < 
k-1. 

(1) op Ur is k-Gorenstein. 

(2) op [7-resol.dimr(£'j') < i, where E\ is the (i + l)st term in a minimal injective ofU as 
a right T-module, for any < i < k — 1. 

(3) op Ext A (Extp(— , U),U): mod T op — ► mod T op preserves monomorphisms for any < 
i < k- 1. 

As mentioned above, Wakamatsu in [19] Theorem 7.5 had got the equivalence of (1) and 
(l) op for noetherian rings. However, the proof here is rather different from that in [19]. 
Moreover, to prove such an equivalence (Proposition 3.5), we get some other results (for 
example, Lemmas 3.2 and 3.3), which are of independent interest themselves. As corollaries 
of Theorem above, we get a new characterization of A;-Gorenstein algebras, and we in addition 
have that for a faithfully balanced selforthogonal bimodule a^a its left injective dimension 
and right injective dimension are identical provided aII (or U\) is Gorenstein. We in Section 
4 study the dual theory relative to Gorenstein modules (Theorems 4.1 and 4.4). In the final 
section we give some properties of A^r with finite left or right injective dimension. Some 
known results in [8] and [16] are obtained as corollaries. 

2. Preliminaries 

In this section we give some lemmas, which are useful in the rest part of this paper. 

Suppose that A GmodA(resp. modr op ). We call HoniA(AA A^r) (re-sp. Homr(^4r; A^r)) 
the dual module of A with respect to U, and denote either of these modules by A*. For a 
homomorphism / between A-modules (resp. r op -modules), we put /* = Hom(/, A^r)- Let 
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& a '. A — ► A** via GA{x){f) = f(x) for any x £ A and / € A* be the canonical evaluation 
homomorphism. A is called [/-reflexive if a a is an isomorphism. Under the assumption of 
A [/"r being faithfully balanced, it is easy to see that any projective module in mod A (resp. 
mod A op ) is [/-reflexive. 

For a A-module (resp. A op -module) X, we use /.fd A (X) (resp. r.fd A (X)) to denote the 
left (resp. right) flat dimension of X, and use l.id\(X) (resp. r.id A (AT)) to denote its left 
(resp. right) injective dimension. For a A-module (resp. r op -module) Y, we denote either of 
Hom A ( A [/ r , A Y) and Kom r ( A U r , Y T ) by *Y. 

Lemma 2.1 Let A and T be left and right noetherian rings and n a non-negative in- 
teger. If aE (resp. Et) is injective, then IMy(*E) (resp. r!d\(*E)) < n if and only if 
Hom A (Ext™ +1 (A, [/),£) (resp. Hom r (Ext™ +1 (^, [/), E)) = for any A €mod T op (resp. 
mod A). 

Proof. It is trivial by [6] Chapter VI, Proposition 5.3. ■ 

We use add A [7 (resp. add[/r) to denote the subcategory of mod A (resp. mod r op ) 
consisting of all modules isomorphic to direct summands of finite sums of copies of A [Z (resp. 
Ur). Let A Gmod A. If there is an exact sequence • • • — > U n — > • • • —> U\ — > Uq — > A — > in 
mod A with each Ui Gadd A [7 for any i > 0, then we define the [/-resolution dimension of 
A, denoted by [7-resol.dim A (^4), as inf{n| there is an exact sequence — > U n — > • • • — > U\ — > 
[Jo - > ^4 — > in mod A with each Ui €add A [/ for any < i < n}. We set ?7-resol.dim A (^4) 
infinity if no such an integer exists. Similarly, for a module B in mod r op , we may define 
[/-resol.dimr(-B). 

Lemma 2.2 Let A and T be left and right noetherian rings and n a non-negative inte- 
ger. For a module X in mod T op , if grade^/X > n and grade[/Extp(X, U) > n + 1, then 
Extp(X,[/) = 0. 

Proof. The proof of [13] Lemma 2.6 remains valid here, we omit it. ■ 

Lemma 2.3 ([13] Lemma 2.7) Let E £ mod A (resp. mod r op ) be injective. Then 
lldr(*E) (resp. r.fd\(*E)) < n if and only ifU-reso\.dim\(E) (resp. [7-resol.dimr(.E ; )) < n. 

Lemma 2.4 ([13] Proposition 3.2) The following statements are equivalent. 

(1) [/-dom.dim( A [/) > 1. 

(2) (— )** : mod A — > mod A preserves monomorphisms. 

(3) -> ( A [/)** ^> Eq* is exact 
(l) op [7-dom.dim([/ r ) > 1. 
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(2) op (— )** : mod r op — > mod r op preserves monomorphisms. 

(3) op -» (U r )** (^o)** w exact 

Lemma 2.5 ([11] Lemma 2.7) Let A and T 6e left and right noetherian rings. The 
following statements are equivalent. 

(1) M* is U -reflexive for any M G mod A. 

(2) [Ext A (M, 17)]* = for any M G mod A. 

(1) op N* is U -reflexive for any N € mod T op . 

(2) op [Extl(N, U)]* = for any N G mod T op . 

From now on, assume that 

— A U — E Q -> ► E -> ■ • ■ 

is a minimal injective resolution of a^7, and 

_> [/ r _> ^ _> >E[^--- 

is a minimal injective resolution of C/p- 

Lemma 2.6 ([14] Corollary 3.7) (1) ?7-resol.dimA(E) < i for any < % < k — 1 if and 
only i/s.grade;yExt r (Af, U) >i for any N Gmod r op and 1 < i < k. 

(2) C7-resol.dimr(£ ; 4 / ) < i for any < i < k — 1 if and only i/s.gradec/Ext A (M, U) > i for 
any M Gmod A and 1 < i < k. 

Lemma 2.7 \U is 1-Gorenstein if and only if Ur is 1-Gorenstein. 

Proof. By [13] Corollary 2.5, Hom A ( A [/r, E ) is left r-flat if and only if Hom r ( A ?7r, ^o) 
is right A- flat. By Lemma 2.3, we then have that Eq is in add A £7 if and only if E' Q is in 
addC/p- So, it follows from Lemma 2.6 that s.grade;yExtp(iV, U) > 1 for any N Gmod T op 
if and only if s.grade[/Ext A (M, U) > 1 for any M Gmod A. Hence we conclude that \U is 
1-Gorenstein if and only if Ur is 1-Gorenstein. ■ 

3. Characterizations of /c-Gorenstein modules 

In this section, we characterize A;-Gorenstein modules in terms of the [/-resolution dimen- 
sion of some special injective modules and the property of the functors Ext* (Ext* (— , U), U) 
preserving monomorphisms, and also establish the left-right symmetry of the notion of k- 
Gorenstein modules by using different methods from that in [19]. In order to get our main 
theorem, we need some lemmas. 
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Lemma 3.1 If A U is k-Gorenstein, then Ext A (Ex4(-, U), U) : mod T°p ^mod T°p 
preserves monomorphisms for any < i < k — 1. 

Proof. We proceed by induction on k. The case for k = 1 follows from Lemma 2.6 and 
Lemma 2.4. 

Now suppose k > 2 and O^A^Y^Z^Oisan exact sequence in mod r op . Then 
we have in mod A the following commutative diagram with the row exact: 

Ext^-^Z,^) ExtjT^Y,*/) ExtjT 1 pf.C/") -^U Ext£(Z,l7), 

\ / \ / \ / 

A 5 c 

where A = Imct, B = Im/3 and C = Inry, and each triangle in above diagram is an epic- 
monic resolution. Since \U is /c-Gorenstein, s.grade(yExtp(iV, U) > i for any N €mod r op 
and 1 < i < k. So grade^M > k — 1, grade^i? > fc — 1, grade^C > A; and we have exact 
sequences: 

= Ext£ _1 (C, 17) — » Ext*" 1 (Ext*" 1 (AT, [/), 17) — ► Ext^P, U), 

= Ext A _2 (A U) — > Ext A _1 (P, 17) — ► Ext^ExtjT^Y, 17), 17) 
and we then get a composition of monomorphisms: 

Ext^ExtjT^X, U),U)^> Extjf^B, 17) Ext^ExtjT^Y, 17), 17), 

which is also a monomorphism. ■ 

Let M be in mod A (resp. mod r op ) and P\ — ► Po — > M — > a projective resolution 
of M in mod A (resp. mod r op ). Then we have an exact sequence — > M* — > P * — > 
P* — > X — > 0, where X = Coker/*. For a positive integer fc, recall from [10] that M is 
called [/-fc-torsionfree if Ext\>(X,U) = (resp. Ext\(X,U) = 0) for any 1 < i < k. M is 
called U-k-syzygy if there is an exact sequence O^M^Xo^Xi^---^ X^-i with 
all Xj in addA?7 (resp. addfTr)- Put aUt = aA a , then, in this case, the notions of U-k- 
torsionfree modules and U-k-syzygy modules are just that of /c-torsionfree modules and k- 
syzygy modules respectively (see [2] for the definitions of fe-torsionfree modules and /c-syzygy 
modules). We use Tjy(mod A) (resp. T^(mod T op )) and Qfj(mod A) (resp. 0^(mod r op )) 
to denote the full subcategory of mod A (resp. mod r op ) consisting of ?7-/c-torsionfree 



6 



modules and [/-/c-syzygy modules, respectively. It was in [10] pointed out that T^(mod A) C 
fi&(mod A) and Turned T°p) C ft*} (mod T°p). 

The following two lemmas are of independent interest themselves. 

Lemma 3.2 Let A and V be left and right noetherian rings. If grade[/Ext^ t " 1 (M, U) > i 
for any M Gmod A and 1 < i < k — 1, then each k-syzygy module in mod A is in r2^(mod A). 

Proof. Suppose that gradec/Ext^ l_1 (M, U) > i for any M Gmod A and 1 < i < k — 1. 
Then by [11] Theorem 3.1, f2jy(mod A) = 7"jy(mod A). So it suffices to show that each k- 
syzygy module in mod A is in 7~j}(mod A). The following proof is similar to that of (1) (2) 
in [11] Theorem 3.1. For the sake of completeness, we give here the proof. 

We proceed by induction on k. 

Notice that A is [/-reflexive, it follows easily that each 1-syzygy module in mod A is in 
^(mod A)(= T^mod A)). 

Assume that k = 2 and M is a 2-syzygy module in mod A. Then there is an exact 
sequence — ► M — > Pi — > Po m mod A with Po an d Pi projective. By [11] Lemma 2.4, 
M = (Coker/*)*. It follows from Lemma 2.5 and [10] Lemma 4 that M is [/-reflexive and 
[/-2-torsionfree. The case for k = 2 follows. 

Now suppose that k > 3 and M is a /c-syzygy module in mod A. Then there is an exact 
sequence: 

p ? k + \ p Jk p fk-l h , p ^i p Y n 

in mod A such that M = Coker fh+i, where each P« is projective for any < i < k + 1. By 
induction assumption, M G T^ _1 (mod A). We will show that M G T^(mod A). Notice 
that k > 3, so M is [/-reflexive and hence it suffices to show that Extp(M*, U) = for any 
1 < i < k - 2 by [11] Lemma 2.9. 

Put N =Coker/^_ 1 . Then, by [11] Lemma 2.4, M = N* and M* ^ A^**. We claim 
that Extp(iV, U) = for any 1 < i < k — 2. If fc = 3, then Coker f k -i is a submod- 
ule of Po. But Po is [/-reflexive, so Coker/fe_i is [/-torsionless. By [15] Lemma 2.1, 
Extf(Af, U) =Ker<Tcokcr/ fc _ 1 =0. If k = 4, then Coker/fc_x is a 2-syzygy module in mod 
A and so Coker/fc_i is [/-reflexive by the above argument. Thus by [15] Lemma 2.1, 
Ext r (iV, U) =Ker(j Cokcr / fc _ 1 = and Extp(iV, U) =Cokercrcokcr/ fc _ 1 = and the case for 
k = 4 follows. If k > 5, then Coker/fc_! is a (k — 2)-syzygy module in mod A and so 
Coker/fc_! G T^T 2 (mod A) by induction assumption. It is clear that Coker/ / t_ 1 is U- 
reflexive. Then by using an argument similar to that in the proof of the case for k = 4, 
we have that Extf(N, U) = =Extp(N, U) = 0. On the other hand, by [11] Lemma 2.9, 
we have that Ext r ((Coker/ / t_ 1 )*, U) = for any 1 < i < k — 4. It follows from the exact 
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sequence -► (Coker/ fc _i)* P fc *_ 2 ^4 -► AT -» that Ex4(/V,£/) = for any 

3 < i < 7 - 2. So Ex4(iV, 17) = for any 1 < i < k - 2. 
By [15] Lemma 2.1, we have an exact sequence: 

-> ExtX(Coker/ fc _i, 17) -» TV ^> iV** -> Exti(Coker/ fe _i, 17) -> 0. 

Then Kero-jv = Ebd;X(Coker/ fc _i, U) = Ext^ _1 (X, U) and Cokenrjv ^ Ebd£(Coker/ fc _i, U) ?= 
Extftpf, 17). So we get the following exact sequences: 

-> Ext^ _1 (X, 17) -f iV Imajv -» (1) 

-» Imaiv iV** -» Ext^(X, 17) -» (2) 

where cr^ = ^vr. Since Ext^AT, J7) = for any 1 < % < k-2 and grade[/Ext^ _1 (X, U) > k-2, 
from the exact sequence (1) we have Extp(Imcr7v, U) = for any 1 < i < k — 2. Moreover, 
since gradec/Ext^(X, U) > k - 1, from the exact sequence (2) we get that Extp(iV**, U) = 
for any 1 < i < k — 2, which yields Extp(A7*, U) = for any 1 < i < k — 2. We are done. ■ 

Lemma 3.3 Let A and V be left and right noetherian rings. For a positive integer k, the 
following statements are equivalent. 

(1) gradec/Ext\ +1 (M, U) > i for any M G mod A and 1 < i < k - 1. 

(2) Ex4 _1 (Ext\ +1 (M, U),U) = for any M G mod A and 1 < i < k - 1. 

(1) op gradet/Ex4 +1 (/7, 17) > i /or any 77 G mod r°P and 1 < i < k - 1. 

(2) °p Ext\ _1 (Ext J r +1 (iV, 17), t7) = for any N G mod r op and 1 < i < k - 1. 

Proo/. The implications that (1) => (2) and (l) op => (2) op are trivial. 

(2) => (1) We proceed by induction on k. It is trivial when k = 1 or k = 2. Now suppose 
7 > 3. By induction assumption, for any Af G mod A, we have gradej/Ext^ 1 ( A7, U) > i 
for any 1 < i < k — 2 and grade^/Ext^ (A7, U) > k — 2. In addition, by (2), we have 
Ext|r 2 (Ext^(M, U),U) = 0. So gradet/Ext^M, U) > k - 1. 

(l) op => (1) We also proceed by induction on k. The case k = 1 is trivial. The case 7 = 2 
follows from Lemma 2.5. Now suppose k > 3. 

Let A7 G mod A and 

> p. > Pl ^ p Q ^ M -> 

a projective resolution of A7 in mod A. Put A7j =Coker(Pj —>■ Pi-\) (where A7i = M) and 
Xi =Coker(P/_ 1 — > P*) for any i > 1. By induction assumption, we have grades Ext^ 1 " 1 (Af, {7) 
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> i for any 1 < i < k — 2 and grade^/Ext^ (M, U) > k — 2. So it suffices to prove 
Ext(T 2 (Ex4(M, U),U) = 0. 

By [11] Theorem 3.1, ^(mod A) = 7^ (mod A) for any 1 < i < k—1. For any t > k, since 
M t e ^ _1 (mod A) by Lemma 3.2, M t € 7# -1 (mod A). It follows that Extf (X t , U) = for 
any 1 < j < k — 1 and t > k. 

On the other hand, by [12] Lemma 2 we have an exact sequence: 

-> Ex4(M, U) -> X k - P,* +1 -> X fe+1 -> 0. 

Put if =Im(X fe — > -P/* +1 ). From the exactness of — > K — > P fc * +1 — > X fe+1 ->0we know 
that Extf (K, U) = for any 1 < j < k - 2 and Ext£(X fe+1 , 17) = ExtjT 1 ^, t7). Moreover, 
from the exactness of -> Ext^(M, J7) -> X fc -> K -> we know that Ext 1 ^ 1 (K,U) = 
Ext|r 2 (Ex4(M,L0,[/). So Ext£ _2 (Ext^(M, [/),£/) Ext£(-Xfc+i> U). By (l) op , we then 
have that grade;yExtp -2 (Ext^(M, U), U) =grade f7 Ext£ (X k+1 , U) > k - 1. It follows from 
Lemma 2.2 that Ext^ _2 (Ext^(M, U), U) = 0. 

By symmetry, we have the implications of (2) op => (l) op and (1) => (l) op . We are done. 

■ 

The following result not only generalizes [2] Proposition 2.26, but also means that the 
statements in this proposition are left-right symmetric. 

Corollary 3.4 Let A be a left and right noetherian ring. For a positive integer k, the 
following statements are equivalent. 

(1) gradeExt\ +1 (M,A) > i for any M <G mod A and 1 < i < k — 1. 

(2) Ext\ _1 (ExtX +1 (M, A), A) = for any M € mod A and 1 < i < k - 1. 

(3) Q\(mod A) = 7^(mod A) for anyl<i<k. 

(1) op gradeExt\ +1 (N, A) > i for any N e mod A op and 1 < i < k - 1. 

(2) °p Ext^" 1 (Ext^ 1 (N, A) , A) = for any N € mod A op and 1 < i < k - 1. 

(3) op ft\(mod A op ) = T|(mod A op ) /or any 1 < i < k. 

Proof. By Lemma 3.3 we have (1) (2) & (l) op O (2) op , and by [2] Proposition 2.26 
we have (1) ^ (3) and (l) op ^ (3) op . ■ 

The following proposition, had been got by Wakamatsu in [19] Theorem 7.5 for noetherian 
rings, shows the left-right symmetry of the notion of Ai-Gorenstein modules. However, the 
proof here is rather different from that in [19]. 

Proposition 3.5 For a positive integer k, the following statements are equivalent. 
(1) s.grade[/Ext\(M, U) > i for any M Gmod A and 1 < i < k. 
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(2) s.grade[/Ex4(7V, U) > i for any N Gmod T°p andl<i<k. 
Proof. By symmetry, we only need to prove (2) implies (1). 

We proceed by induction on k. The case k = 1 follows from Lemma 2.7. Now suppose 
that k > 2 and s. grades Ext p(iV, U) > i for any N Emod T op and 1 < i < k. By Lemma 
3.3 and [11] Theorem 3.1, we have that T^(mod A) = ^^(mod A) for any 1 < i < k. By 
induction assumption, for any M Gmod A we have that s.grade[/Ext\(M, U) > i for any 
1 < i < k - 1 and s.grade[/Ext A (M, U) > k - 1. 

Assume that 

^ ^4 ► Pi ^ P — > M — >0 

is a (minimal) projective resolution of M in mod A. For any t > k, since Coker/^ is (k — 1)- 
syzygy, by Lemma 3.2 we have that Coker/t G f^ _1 (mod A) and Coker/i G T^ _1 (mod A), 
that is, Coker/ t is U-{k — l)-torsionfree, which implies that Extf(Cokerfy*, U) = for any 
1 < j < k - 1 and f > fc. 

Let X be a submodule of Ext A (M, U). Then grades A > fe— 1. On the other hand, by [15] 

, CT Cokcr/* 

Lemma 2.1 there is an exact sequence — > Ext A (M, [/) — > Coker/jt — > (Coker/^)** — > 
Ext A +1 (M, [/) — > and then there is a composition of monomorphisms: X <^-> Ext A (M, U) <^-> 
Coker/ fc *. Put F =Coker(A ^ Coker/ fc *). Notice that Extf (Coker/ fc *, 17) = for any 
1 < j < fc — 1, we then have an embedding Ext£ _1 (X, U) <-^Ext£(T, U). By assump- 
tion, s.gradet/Ext^y, U) > k. So grades Ext^X, U) > k and hence Ext£ _1 (X, U) = by 
Lemma 2.2. It follows that graded/A > k and s.grade[/Ext A (M, U) > k. We are done. ■ 

Lemma 3.6 If Extp(Ext A (— , U), U): mod A ^mod A preserves monomorphisms for 
any < i < k — 1, then \U is k-Gorenstein. 

Proof. We proceed by induction on k. 

Assume that (— )** : mod A — > mod A preserves monomorphisms, then, by Lemma 
2.4, f/-dom.dim(A[/) > 1 and Eq is cogenerated by \U . But Eq is finitely cogenerated, so 
Eq GaddA?7. By Lemma 2.6, we then have that s.grade[/Extf (N, U) > 1 for any N Gmod 
r op and aU is 1-Gorenstein. The case for k = 1 is proved. 

Now suppose k > 2 and 

... J^q.V-^ ► Ql Q _> _> 

is a (minimal) projective resolution of a module N in mod r op . By induction hypothesis, 
\U is (k — l)-Gorenstein and s.gradej/Extp(P, U) >i for any B Gmod T op and 1 < i < k — 1 
(and certainly, s.grade[/Extp +1 (P, U) > i for any B Gmod r op and 1 < i < k — 1). So 
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7}, (mod F°p) = f^(mod r op ) for any 1 < i < k by [11] Theorem 3.1 op . By using a similar 
argument of (2) =4> (1) in Proposition 3.5, we have that Ext^(Coker^, U) = for any 
1 < j < k - 1. 

Let X be a submodule of Ext£(AT,£7). Then gradej/A" > fc — 1. By using a similar 
argument of (2) (1) in Proposition 3.5, we have a monomorphism X <^-> Coker^. By 
assumption, -► Ext^ _1 (Ext^ _1 (X, 17), 17) -► ExtjT^Extjf HCoken£, 17), [/)(= 0) is exact, 
so Extp _1 (Ext A _1 (X, ?7) = 0. On the other hand, by Proposition 3.5, we have that 
s.grade[/Ext A _1 (A, U) > k — 1. So we conclude that grade;yExt A _1 (A7 £7) > k and hence 
Ext A _1 (AT, f7) = by Lemma 2.2. It follows that grade^A > k and s.grade[/Ext£(/7, U) > k. 
We are done. ■ 

We are now in a position to state the main result in this paper. 

Theorem 3.7 The following statements are equivalent. 

(1) \U is k-Gorenstein. 

(2) £7-resol.dim A (.Ej) < % for any < i < k — 1. 

(3) Ext r (Ext A (— , U), U): mod A — > mod A preserves monomorphisms for any < i < 
k - 1. 

(1) °p [/p i s k-Gorenstein. 

(2) op *7-resol.dim r (£-) < i for any < i < k - 1. 

(3) °p Ext A (Ext r (— , U),U): mod r op — ► mod r op preserves monomorphisms for any < 
i < fc- 1. 

Proo/. (2) 44> (1) <^ (l) op See Lemma 2.6 and Proposition 3.5. 
(1) (3)<v By Lemma 3.1. 
(3) => (1) By Lemma 3.6. 

Symmetrically we have that (2) op o (l) op , (l) op (3) and (3) op (l) op . The proof is 
finished. ■ 

Put A £7r = aAa, by Theorem 3.7, we then immediately have the following corollary, 
which extends [7] Auslander's Theorem 3.7. 

Corollary 3.8 The following statements are equivalent. 

(1) s.grade A Ext A (M, A) > i for any M Gmod A and 1 < i < k. 

(2) The left flat dimension of the ith term of a minimal injective resolution of aA is at 
most i — 1 for any 1 < i < k. 

(3) Ext A (Ext A (— , A), A): mod A — > mod A preserves monomorphisms for any < i < 
k-1. 
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(1) °p s.grade A Ext A (iV, A) > i for any N Gmod A°p andl<i<k. 

(2) op The right flat dimension of the ith term in a minimal injective resolution o/A A at 
most i — 1 for any 1 < i < k. 

(3) op Ext A (Ext A (— , A), A): mod A op — > mod A op preserves monomorphisms for any < 
i < k- 1. 

A Z7r is called a cotilting bimodule if \U and Z7r are cotilting, that is, Z.idA(f) and r.idr(Z7) 
are finite^. If A ?7r 

is a cotilting bimodule, then l.id\(U) =r.idr(U) (see [4] Lemma 1.7). 
However, in general, we don't know whether l.id\(U) < oo implies that r.idr(U) < oo. In 
fact, Auslander and Reiten in [3]p.l50 posed an important question which remains open: for 
an artin algebra A, does /.id A (A) < oo imply r.idA(A) < oo? Put A^r = a^a, as applications 
to the results obtained above we have the following corollaries. 

Corollary 3.9 For a positive integer k, if r.id\(U) = k and U\ is (k — \)-Gorenstein, 
then l.\d\{U) = k. 

Proof. The case for k = 1 follows from [12] Corollary 1. Now assume that r.id A (J7) = k(> 
2) and is (k — l)-Gorenstein. Then, by Lemma 2.6, we have s.grade[/Ext A _1 (M, U) > k— 1 
for any M Gmod A. It follows from [12] Theorem that l.id A (U) < 2k - 2. So l.id A (U) = k 
by [4] Lemma 1.7. ■ 

Corollary 3.10 l.id\(U)=r.id\(U) if pJJ (or Ua) is Gorenstein. 

Proof. By Theorem 3.7, Corollary 3.9 and its dual result. ■ 

Corollary 3.11 ([5] Corollary 5.5) Let A be a k- Gorenstein algebra for all k. Then 
Z.id A (A) = r.id A (A). 

4. Dual theory 

In this section we study the dual theory relative to Gorenstein bimodules. 

For a non-negative integer g, we use G g (mod A) (resp. £/ 9 (mod r op )) to denote the 
subcategory of mod A (rcsp. mod r op ) consisting of the modules M with gradejyM = 
g, and H g (mod A) (resp. 7^ 9 (mod r op )) to denote the subcategory of Q g (mod A) (resp. 
0,(mod r op )) consisting of the modules M with Ext A (M,C7) = (resp. Ext J r (M,*7) = 0) 
for any i / gradej7M(= g). 

Theorem 4.1 Let A and V be left and right noetherian rings and A Z7r a Gorenstein 
bimodule. 

(1) // r.id r (U) = g, then, for any + M G g 9 (mod A), M = Extf (Ext A (M, U), U). 
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(2) If r.idr(£7) =l.id\(U) = g, then there is a duality between G g (mod A) and Q g (mod r op ) 
given by M -> Ext g A (M, U). 

Proof. (1) Let M be a non-zero module in C/ 9 (mod A) and 

> p. ^ p L _A+ p Q _^ m -» 

a projective resolution of M in mod A. If g = 0, it is easy to see from [15] Lemma 2.1 that 
M = M**. Now suppose g > 1. Then we get an exact sequence: 

_» p* iL, p* A . . . f M P*_, - (Im/ ff )* -> Ext A (M, 17) -> 0. 

Since a^Tt is a Gorenstein bimodule, s.grade;yExt A (M, f7) > g. For any i > 1, put 
Ki = Coker/*. We then have an exact sequence: 

P** ^ Po* -» Extf (TCi, 17) Extf _1 (7C ff _i, 17)) — > 0. 

/* i 

On the other hand, we have an exact sequence — ► (Im/ g )* — > — ► 7*g +1 — > 7C ff+ i — > 0. 
Since r.id r (?7) = 5, for any i > g - 1 we have Ext r ((Im/ ff )*, 17) 9* Ext l r + 2 (7s: g +i, 17) = 0. 
Moreover, the exact sequence — > — > (Im/ ff )* — > Ext A (M, [/) — > yields an exact 
sequence: 

Extf-^Clm/fl)*, ^) -» Ext^ 1 ^-!, U) -> Extf (Ext A (M, 17), 17) -> Extf ((Im/s)*, 17). 

So Extp(Ext A (M, 17), 17) ^ Extf _1 (7C ff _i, U) ^ Extf (TCi, 17) and we get the following com- 
mutative diagram with exact rows: 

7 



Pi —?->■ P M ■ 



h 



p ** J}^ p ** ^ Extf (Ext A (M, 17), U) ^ 

where ap 1 and ap are isomorphisms. Hence h is also an isomorphism and Extp(Ext A (M, U), 
U) = 0). By assumption, ^Ur is a Gorenstein bimodule, so grade[/Ext A (M, U) > g 

and hence gradej/Ext A (M, U) = g. 

(2) It follows from (1) and its dual statement. ■ 

The following two corollaries are immediate consequence of Theorem 4.1. 

Corollary 4.2 ([9] Proposition 3.1) Let A and T be left and right noetherian rings. If 
Ur is injective, then M = M** for any M in mod A. 
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Corollary 4.3 Under the assumptions of Theorem 4. 1(2), there is a duality between 
H 9 (mod A) and H 9 (mod r op ) given by M -» Ext A (M, 17) (w/iere M € H s (mod A)). 

The following result is a generalization of [16] Theorem 6, which gives some characteri- 
zations of the modules in 7i 9 (mod A). 

Theorem 4.4 Let \Ur be a Gorenstein bimodule with r.idr(U) =l.id\(U) = g. Then, 
for any O/Me mod A, the following statements are equivalent. 

(1) M e H g {mod A). 

(2) M ^ Extf (Ext A (M, 17), 17). 

(3) M ^ Extp(7V, U) for some N e mod T°p. 

(4) Hom A (M,0f : r o 1 J B l ) = 0. 

Proof. (1) (2) follows from Corollary 4.3, and (2) => (3) is trivial. 

(3) (4) Since A^7r is a Gorenstein bimodule, [/-resol.dimA (i?i) < i for any < i < g — 1 
by Lemma 2.6. Then we get our conclusion by Lemma 2.3 and Lemma 2.1. 

(4) (1) Since Z.id A (Z7) = 9, Ext A (M, J7) = for any i > g + 1. On the other hand, we 
know that M* = because HoniA(M, Eq) = 0. In addition, we have exact sequences: 

-> -> -> *Q -> 

for any 1 < i < g — 1, where 7Q-i = Ker(^_! — > E'j). From HoniA(M, £^) = we know 
that Hom A (M,7Q) = 0. But Hom A (M,TQ) -> Ext A (M,[/)(^ Ext A (M, K^i)) -» is exact, 
so Ext A (M, C/) = for any 1 < i < g — 1 and grades M > g. We claim that grade^/M = g. 
Otherwise, if grade^/M > 5, we then have that Ext A (M, U) = and Ext A (M, U) = for 
any i > 1. It follows from [15] Corollary 2.5 that M = 0, which is a contradiction. ■ 

Let A be an abelian category and B a full subcategory of A. An object X £ Ais called an 
embedding cogenerator for B if every object in B admits an injection to some direct product 
of copies of X in _4i 15 l. For any M in mod A we use E(M) to denote the injective envelope 
of M. 

Corollary 4.5 Under the assumptions of Theorem 4-4> E g is an injective embedding 
cogenerator for TC g (mod A). 

Proof. Let M be in H g (mod A). Notice that M is finitely cogenerated, so, by [1] 
Proposition 18.18, E(M) = E(S\) • • • @E(S t ), where each Si is isomorphic to a simple 
sub module of M for any 1 < i < t. Since M £ H g (mod A), each Si G H g (mod A) by 
Theorem 4.4. 
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Because r.idr(U) = g, 0f =o Ei is an injective embedding cogenerator for mod A by 
[15] Proposition 2.8. So Hom A (S;, ©f =0 Ei) + and hence Hom A (S'j, E g ) ^ by Theo- 
rem 4.4, which implies that each Si can be embedded into E g . Therefore M E(M) = 
0* =o E(Si) <^-> -E^ and £7 g is an injective embedding cogenerator for 7Y 9 (mod A). ■ 

5. Finite injective dimension 

In this section we discuss the properties of \Ur with finite left or right injective dimension. 
We first have the following 

Proposition 5.1 If l.id\(U) = k and E k is in &dd\U (equivalently, *E k is flat), then \U 
is injective. 

Proof. Assume that /.id A (?7) = k ^ 0. Then there is a simple A- module S such that 
Ext k A (S,U) / 0. It is easy to see that Rom A (S,E k ) ^Ext A (S, £/), so Hom A (S,E k ) + 
and hence there is an exact sequence — > S E k — ► Coker/ — > 0, which yields an 
exact sequence Ext A (£ fe , f7) -> Ext A (S",f/) -> Ext A +1 (Coker/, £/). Since £ fe G add A £/, 
Ext£(£7 fc ,l7) = 0. On the other hand, Z.id A (t7) = k, so Ext A +1 (Coker/, U) = 0. Hence 
Ext A (S,£/) = 0, which is a contradiction. ■ 

Corollary 5.2 7/Z.id A (A) = k and the (fe + l)st term (that is, the last term) in a minimal 
injective resolution of A A is flat, then A is self-injective. 

Corollary 5.3 If Z.id A (f7) = k < Z7-dom.dim( A Z7), then tJJ is injective. 

Corollary 5.4 ([17] Proposition 8) // Z.id A (A) = k < A-dom.dim( A A), then A is self- 
injective. 

Proposition 5.5 If \Ur is k-Gorenstein andr.\dr(U) =l.\d\(U) = k, thenU-reso\.dim\(Ek) 
= [/-resol.dimr(-E^) = k and \Ur is Gorenstein. 

Proof. Assume that \U is /c-Gorenstein. By Lemma 2.6 and Lemma 2.3, lldr(*Ei) < i 
for any < i < k — 1. Since r.idr(cV) = k, there is a module X in mod r op such 
that Extp(A", U) / 0. Since 0(Lo-^« ^ s an injective embedding cogenerator for mod A 
by [15] Proposition 2.8, it then follows from [6] Chapter VI, Proposition 5.3 that / 
Hom A (Ext£(X,lO,et ^) = Tor[(AV(©t ^)) = 0-=o T ° r £(^* E t ) - Tov r k (X,*E k ). 
So Hd r (*E k ) > k. On the other hand, by [14] Lemma 2.2, we have r.id r (U) =sup{/.fd r (*£)|A-E 
is injective}, so /.fdr(*-Efc) < k and hence /.fdr(*-Efc) = k. By Lemma 2.3, [7-resol.dim A (Efc) = 
k. It then follows from Theorem 3.7 that A Z7 is (k + l)-Gorenstein. In addition, Z.id A ([7) = k 
by assumption, so A Z7 is Gorenstein. Similarly, we have that i7-resol.dimr(ii^) = k and Ur 
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is Gorenstein. ■ 

Recall that an artin algebra is called an Auslander algebra if it is A;-Gorenstein for all k. 
By Proposition 5.5, we immediately have the following 

Corollary 5.6 ([8] Proposition 1.1) If A is a k-Gorenstein algebra with right and left 
selfinjective dimensions k, then the flat dimension of the (/c + l)st term in a minimal injective 
resolution of \A (resp. Aa) is equal to k and A is an Auslander algebra. 

Compare Corollary 5.3 with the following 

Proposition 5.7 If l.id A (U) = k < £/-dom.dim( A f7), then 0*L O E t is an injective em- 
bedding cogenerator for mod A if and only if r.idr(U) = k. 

Proof. The sufficiency follows from [15] Proposition 2.8. Now we prove the necessity. 
Since C/-dom.dim(AC r ) > k, E{ EaddA^ for any < i < k — 1. On the other hand, l.id\{U) = 
k implies that Ei = for any i > k + 1. So £/-resol.dimA(-Ejfc) < k. Then, by Lemma 2.3, 
Ud T {*E k ) < k and Hd r (*Ei) = for any < i < k - 1. It follows that Z.fd r (*(0*L o E*)) < 
k. So, by Lemma 2.1, we have Hom A (Extr +1 (A, U), ®*L = for any X Gmod T°p. 
However, (B^Lq &i i s an injective embedding cogenerator for mod A, so Extp +1 (A, U) = 
and r.idr(U) < k. Hence we conclude that r.idr(J7) = k by [4] Lemma 1.7. ■ 

Finally we conjecture the following, which is a generalization of the Auslander-Reiten 
conjecture mentioned in Section 1: a Gorenstein bimodule a^t is cotilting, that is, l.idA{U) < 
oo and r.idr(U) < oo. 
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